We explore orbit properties of 35 prolate-triaxial galaxies selected from the Illustris cosmological hydrodynamic simulation. We present a detailed study of their orbit families, and also analyse relations between the relative abundance of the orbit families and the spin parameter, triaxiality, the ratio of the angular momentum and the baryon fraction. We find that box orbits dominate the orbit structure for most prolate-triaxial galaxies, especially in the central region. The fraction of irregular orbits in the prolate-triaxial galaxies is small, and it increases with galaxy radius. Both the x-tube and z-tube orbits are important in prolate-triaxial galaxies, especially in the outer regions. The fraction of box orbits for prolate-triaxial galaxies (0.7 < T < 1) decreases with the triaxiality of the stars, while the fraction of x-tube orbits increases with the triaxiality for a given axis ratio. The fraction of box orbits increases and the fractions of x-tube and z-tube orbits weakly decrease with increasing baryon fraction. These results help to understand the structure of prolate-triaxial galaxies and provide cross-checks for constructing dynamical models of prolate-triaxial galaxies by using the Schwarzschild or the Made-to-Measure methods.
INTRODUCTION
The misalignment between the kinematic and photometric axes shows the complex structure of elliptical galaxies (e.g. Franx et al. 1991) . The brightness profiles of ellipticals indicate that their intrinsic shapes could be oblate, prolate, or triaxial, which is also supported by theoretical studies (e.g. Binney 1985; Merritt & Fridman 1996; Wang et al. 2008; Wu et al. 2017) and by N-body simulations (e.g. Jing & Suto 2002) . Kinematics shows that most rotating elliptical galaxies are either oblate or slightly triaxial (Krajnović et al. 2011; Weijmans et al. 2014; Fogarty et al. 2015; Cappellari 2016) . However, some elliptical galaxies show minor-axis rotation (prolate rotation, i.e., the rotation is about the photometric major axis), such as NGC 1052 (Schechter & Gunn 1979; Davies & Birkinshaw 1986) , NGC 4406, NGC 5982, NGC 7052, NGC 4365, NGC 5485 (Wagner et al. 1988 ), NGC 3923 (Carter et al. 1998 ), M87 (Davies & Birkinshaw 1988; Emsellem et al. 2014 ), NGC 4473 E-mail:wangyg@bao.ac.cn (Foster et al. 2013) ; eight elliptical galaxies from the CALIFA survey (Tsatsi et al. 2017 ) also show such rotation. Moreover, stellar kinematics from two-dimensional integral field unit (IFU) observations indicate that prolate rotation often coexists with oblate rotation in many elliptical galaxies (e.g. McDermid et al. 2006; Krajnović et al. 2011; Emsellem et al. 2014) .
It is important to reveal the formation scenario of the 'prolate' rotation of elliptical galaxies. The dynamical stability and orbit properties of prolate rotation has been extensively studied (e.g. Deibel et al. 2011; Zotos 2014) . However, the formation of prolate rotation in elliptical galaxies is still unclear. From simulations, Rodriguez-Gomez et al. (2015) found that prolate systems with minor axis rotation could be produced by the merger of two equalmass disc galaxies. Similar results have been obtained for gas-poor mergers in a hydrodynamic simulation by Moody et al. (2014) . Recently, Tsatsi et al. (2017) found that prolate galaxies could be the results of dry polar mergers, and the amplitude of prolate rotation depends on the initial bulge-to-total stellar mass ratio of its progenitor galaxies. Ebrová & Łokas (2017) identified 59 prolate rotators in the Illustris cosmological hydrodynamic simulation and found that the emergence of prolate rotation is strongly correlated with the time of their last significant merger. Also, using the Illustris simulation, Li et al. (2018 found 35 out of a total of 839 galaxies with stellar mass larger than 10 11 M are prolatetriaxial, and these prolate-triaxial galaxies are formed by major dry mergers. All studies show that galaxies with prolate rotation are most likely formed by dry major mergers, and the number of these objects may dominate at the high-mass end.
Orbits are the fundamental building blocks of galaxies and therefore their properties greatly affect their internal structures. In this paper, we study the orbit properties of the prolate-triaxial galaxies selected in Li2018, which can help us to understand the dynamics of these systems. Moreover, the orbit families have important implications for constructing dynamical models with the Schwarzschild orbit superposition method (Schwarzschild 1979; Cappellari et al. 2006; Wang et al. 2012 Wang et al. , 2013 , Made-to-Measure method (Syer & Tremaine 1996; Long & Mao 2012; Long et al. 2013; Zhu et al. 2014 ) and the Torus method (McMillan & Binney 2008; Wang et al. 2017) . Compared with previous theoretical studies, our prolate-triaxial galaxies are taken from the state-of-the-art Illustris simulation, hence the model itself is self-consistent.
The structure of the paper is as follows. In Section 2, we introduce the simulation data and the selected prolate-triaxial galaxies. In Section 3, we detail the orbit integration, and in Section 4 we explain our orbit classification. In Section 5, we present our main results of the orbit properties. Our summary and conclusions are given in Section 6.
SIMULATIONS AND PROLATE GALAXIES
The Illustris project is a large cosmological simulation of galaxy formation Vogelsberger et al. 2014) , which comprises a suite of N -body/hydrodynamical simulations carried out with the moving mesh code AREPO (Springel 2010) . The simulation adopts a comprehensive set of physical models for galaxy formation, which can reproduce various observational constraints at different redshift, such as star formation rate density, galaxy gas fraction, mass-size relation (Xu et al. 2017) , galaxy luminosity function, galaxy morphologies , Tully-Fisher relation etc.
The prolate-triaxial galaxies in this work are from Li2018, which are selected from the largest simulation (Illustris-1) of the Illustris project. Illustris-1 contains 1820 3 dark matter particles and approximately 1820 3 gas cells or stellar particles in a (106.5 Mpc) 3 box. The simulation evolves from z = 127 to z = 0 in a standard Λ cold dark matter cosmology with ΩΛ = 0.7274, Ωm = 0.2726, Ω b = 0.0456, σ8 = 0.809, ns = 0.963 and H0 = 70.4 km −1 Mpc −1 . The details of the Illustris simulation can be found in Genel et al. (2014) .
In Li2018, the galaxies have been selected from Illustris-1 at redshift z = 0 (snapshot 135) by stellar mass M > 10 11 M and light profile Sérsic index n Sérsic > 2 (Sérsic 1963) . The number of selected galaxies is 839. Each galaxy is assumed to be an ellipsoid with axis lengths a b c. The axis ratios p = b/a and q = c/a are measured from the stellar particles using the reduced inertia tensor method (Allgood et al. 2006 ). The tensor is defined as
where x k,1 = x k , x k,2 = y k and x k,3 = z k are the positions of the The filled and open circles represent the results for the star and dark matter particles, respectively. The x-axis is the total mass enclosed within a sphere whose mean density is 200 times the critical density of the Universe.
k-th particle in the simulation. m k is the mass of the k-th particle and
k /q 2 is the elliptical distance measured from the centre of the galaxy to the k-th particle.
A prolate-triaxial galaxy satisfies b/a − c/a < 0.2 and b/a < 0.8. A total of 35 prolate-triaxial galaxies have been selected in Li2018 and the properties of all the prolate-triaxial galaxies are listed in Table B1 of Li2018. Some properties of the prolate-triaxial galaxies are also shown in Table A1 , such as Mc200, which is defined as the total mass enclosed in a sphere whose mean density is 200 times the critical density of the Universe. Among these 35 prolate-triaxial galaxies, we find that the axis ratio evolves no more than 15% from z = 0.1258 to z = 0 for 28 galaxies. For the remaining seven galaxies (subhalo129771, subhalo177128, subhalo245939, subhalo277529, subhalo289892 and subhalo294574), the axis ratio evolves more than 15% but less than 40%. This indicates that most galaxies in our sample are stable. The upper limit of the tumbling rate is 4.0 km s −1 kpc −1 , which corresponds to a period of 1.5 Gyr, much longer than typical dynamical times in the central part of galaxies.
We also select six oblate-triaxial galaxies and six triaxial galaxies from the Illustris simulation for comparison purposes. These six oblate-triaxial galaxies and six triaxial galaxies are within the same mass range and have similar halo spin magnitudes as their prolate-triaxial counterparts, which are given in the middle and bottom sections in Table A1 . Figure 1 shows the relation between Mc200 and the axis ratios b/a (red) and c/a (blue) calculated by the particles within the half stellar mass radius for both the stellar and dark mater particles for prolate-triaxial galaxies. It is seen that the shape of the dark matter halo is more spherical than that of the stars except for the galaxy 324170 (See Table A1 ).
In Figure 2 , we show a comparison of the triaxiality of the stars with that of the dark matter halo within the half stellar mass radius for prolate-triaxial galaxies. The triaxiality parameter T is defined as T = (a 2 − b 2 )/(a 2 − c 2 ); T = 1 and T = 0 for prolate and oblate systems, respectively. It is seen that the triaxial- ities measured for the stars and the halo are both larger than 0.7, which again shows our selected galaxies are prolate/triaxial. And the shape of stars is different from that of the dark halo for most galaxies. The triaxialities of all galaxies are given in Table B1 . It can be seen that for most prolate-triaxial galaxies, T 0.8, while for oblate-triaxial galaxies, T 0.3. The "triaxial" galaxies are somewhere in between.
The spin parameter in each galaxy is defined as (Bullock et al.
where L is the angular momentum within a sphere of radius R containing mass M . The galaxy circular velocity V is defined as V = GM/R. The format of the spin parameter we adopt here is different from the traditional one (Efstathiou & Jones 1979; Mo et al. 2010) , which needs to calculate the energy of the system to define the spin parameter.
Columns (2)- (4) in Table 1 show the spin parameters for stars (λ s ), dark matter (λ d ) and both the star and dark matter (λ ) within the half stellar mass radius, respectively. It is seen that the spin parameters for both the stellar and dark matter components are small (< 0.07). We also find, not surprisingly, that the spin parameters for stars in the six oblate-triaxial galaxies are larger than those in the prolate-triaxial galaxies and the triaxial galaxies.
Column (5) in Table 1 shows the angle (θL) between the direction of the angular momentum of the dark matter and that of the stars. We find that θL in 12 prolate-triaxial galaxies is larger than 45
• , and θL in two galaxies (245939 and 294574) is close to 90
• . The reason why these galaxies have such a large value of θL is not clear, we will return to this in a future work. For the six oblatetriaxial galaxies, all values of θL are smaller than 20
• . For the six triaxial galaxies, one θL is larger than 45
• . The upper panel of Figure 3 shows the relation between the triaxiality of the dark matter and the spin parameter measured within the half stellar mass radius for the prolate-triaxial galaxies. We find that there is no clear relation between the halo triaxiality and the spin parameter of the dark matter halo. The bottom panel of this figure shows the relation between the triaxiality of the dark matter halo and the fraction of |Lx| /L (red), |Ly| /L (blue) and |Lz| /L (green) within the half stellar mass radius. Here, Lx, Ly and Lz are the angular momenta along the major, middle and minor axes of the system, respectively, and L = L 2 x + L 2 y + L 2 z is the total angular momentum. It is noted that Lx dominates the total angular momentum if the galaxies are highly prolate (T > 0.95). Moreover, we find that there is a weak correlation between the triaxiality of the dark matter halo and the fraction of |Lx| /L (the Pearson correlation is 0.43), while there is a weak anti-correlation between the triaxiality of the dark matter halo and the fraction of |Ly| /L and |Lz| /L. The Pearson correlation coefficients are -0.37 and -0.26 for |Ly| /L and |Lz| /L, respectively.
ORBIT INTEGRATION
The mass resolution of the Illustris simulation is quite high. Therefore, the particle number in each galaxy is large, and we randomly select one tenth of the star particles in each prolate-triaxial galaxy as the initial conditions for the orbit integration. The orbit number of each galaxy is presented in column (3) of Table A1 .
In order to obtain the potential and the accelerations of the disk particles, we follow the self-consistent field (SCF) method (Hernquist & Ostriker 1992) , more specifically, we use the code SCF.f directly.
The key point of the SCF method is to obtain an estimate of the mean gravitational field by expanding the density and potential into a set of simple orthogonal basis of potential-density pairs in spherical coordinates. The density and potential are given as
where n is the radial expansion index and l and m designate the angular terms. The force can be derived directly from the potential. In order to obtain a high accuracy for the force calculation, we adopt as maximum values for the radial expansion terms nmax = 16 and for the angular terms lmax = 12, which can give high accuracy for the force and yet achieve a fast speed for the orbit integration. The orbit integration is preformed with the DOP853 algorithm (?). Each orbit is integrated for 500 dynamical times. The dynamical time TD is defined as TD = 2πR/Vc, where R is the radius of the particle R = (x 2 + y 2 ) 1/2 and Vc is the circular velocity of the particle. The circular velocity is defined as Vc = |xax + yay|, ax and ay are the forces along the x and y-axes, respectively.
ORBIT CLASSIFICATION
To classify the orbits, we use the spectral classification routine of Carpintero & Aguilar (1998, hereafter CA98) . We will refer to this method as CA. The key point of CA98 is to find the number of fundamental frequencies. For a three dimensional system, the regular orbits have no more than three fundamental frequencies, while the irregular orbits have more than three fundamental frequencies. We use the latest version of TAXON.FOR to classify the orbits. Compared with its original form, the new version of the code uses the Frequency Modified Fourier Transform (Šidlichovský & Nesvorný 1996, FMFT) to extract lines, and the spectral analysis is performed on both the position and velocity components X(t) + iV (t) (Wang et al. 2016 .
In CA98, orbits are classified into box, x-tube, y-tube, z-tube and irregular families. The former four are regular orbits. Box orbits show no sense of rotation and the orbits can cross close to the potential center. Tube orbits tend to rotate around the centre of the system, the x-, y-and z-tube orbits refer to the orientation of the orbits being along the major, intermediate and minor axes of the system. If the main frequency in each component is ωi, then a resonance is defined as
for non-trivial combinations of integers l1, l2 and l3. For the box orbits, the main frequencies are incommensurable. An orbit is taken as an x-tube if the main frequencies of ωz and ωy show a 1:1 resonance, i.e., l2 : l3 = 1 : 1 with l1 being arbitrary. An orbit is classified as a z-tube if ωx and ωy show a 1:1 resonance (l1:l2=1:1). The y-tube orbits are unstable and rare in a three dimensional system (e.g. Binney & Tremaine 2008; Merritt & Fridman 1996) , which shows a 1:1 resonance for ωx and ωz. Figure 4 shows four orbit examples (left) and their corresponding Fourier spectra (right). The orbit fractions for box, x-tube, y-tube, z-tube and irregular families are given in columns (7)- (11) of Table A1 for all stars (the star within the half stellar mass radius). It is seen that the box families dominate for the most prolate-triaxial galaxies, and the fraction of box orbits increases if only the orbits within the half stellar mass are considered. The y-tube and irregular orbit fractions are small. It is known that there are no stable tube orbits around the intermediate axis in a triaxial system for a non-separable potential with a central density core (obtained numerically by Heiligman & Schwarzschild 1979) and for all separable systems (de Zeeuw 1984 (de Zeeuw , 1985 , therefore, it is reasonable that we have obtained a small fraction for the y-tube orbits in the simulated galaxies. It is also noted that the ztubes are important in prolate-triaxial systems, such as in subhalo 138413, 16937 and 30430, which is different from previous studies (e.g. Valluri et al. 2016 ). The sum of the box and z-tube orbits dominates in the oblate-triaxial and prolate-triaxial galaxies, whereas the fractions of x-tube orbits in both oblate-triaxial and triaxial galaxies are small. Generally, the long-axis tube orbits include inner long-axis tube orbits and the outer long-axis tube orbits (de Zeeuw 1985) . It is difficult to distinguish the inner and outer long-axis tube orbits using the spectral analysis, therefore, we only consider the population of long-axis tube orbits as a whole here.
For comparison, we also use another method to classify the orbits, which is based on the values of the three angular momentum components. We will hereafter refer to this method as AM. The detailed description of the AM method is given in Appendix B. In Table B1 , we show the orbit population for both methods. It is seen that the AM method gives more box and irregular orbits than the CA routine. If we compare the orbit population one by one between the CA and AM methods, we find that they agree with each other for 80% of the orbits. A detailed comparison between two different orbit classifications is complex (Wang et al. 2016) , and is beyond the focus of the present paper. We only consider the results from the CA method in the following.
ORBIT PROPERTIES
In this section, we give a more detailed analysis of the orbit properties in the prolate-triaxial galaxies. In Figure 5 , we show frequency maps in the plane of ωx/ωz and ωy/ωz for 4 prolate-triaxial, 4 oblate-triaxial and 4 triaxial galaxies, which are selected randomly. Here ωx, ωy and ωz are three main frequencies from the spectrum of the x, y and z components, respectively. In CA98, the main frequency from each component should yield ωx < ωy < ωz if x, y and z are the major, intermediate and minor axes of the system. Therefore, the bottom right part in each panel is blank. For some galaxies, the main frequency ratios cross the diagonal line which is because the axes ratio of the halo changes with the radius (See Li2018). It is also noted that the orbits with ωx : ωy : ωz = 1 : 1 : 1 have a significant contribution in the orbit families. For both the prolate-triaxial and triaxial galaxies, the main frequency ratios are distributed widely. For the oblate-triaxial galaxies, most main frequencies are distributed in a narrow range along the diagonal line. Figure 6 shows the dependence of the average fraction for different orbit families as a function of the galaxy radius. It is seen that box orbits dominate in the central region for all galaxies, and the fraction of the box orbits decreases with the galaxy radius. The fraction of irregular orbits increases with the galaxy radius. It is also found that the z-tube orbits dominate in the prolate-triaxial, oblatetriaxial and triaxial galaxies if the galaxy radius is larger than 5.5, 1.5 and 3.5 r h , respectively. Although the z-tube orbits dominate in the outer region of the galaxy, they are different in the prolatetriaxial, oblate-triaxial and triaxial galaxies. The fraction of z-tube orbits in oblate-triaxial galaxies is larger than that in triaxial galaxies, and that in triaxial galaxies is larger than that in prolate-triaxial galaxies. Figure 7 displays the dependence of the fractions of mass from box, x-tube and z-tube orbits on the axial ratio and radius for all galaxies in our sample. It is seen that box orbits dominate the mass for prolate-triaxial systems. The mass contributed by the z-tube orbits increases with the galaxy radius when a galaxy is close to being oblate-triaxial. In prolate-triaxial systems, the mass from the x-tube orbits is larger than that from the z-tube orbits within r h . Figure 8 shows the dependence of the angular momentum fractions of x-tube and z-tube orbits on the axial ratio and radius of galaxies. It is noted that z-tube orbits carry most angular momentum at large radius for oblate-triaxial galaxies. For prolate-triaxial . Frequency maps in the plane of ωx/ωz and ωy/ωz for 4 prolatetriaxial galaxies (top panels with black labels), 4 oblate-triaxial galaxies (middle panels with red labels) and 4 triaxial galaxies (bottom panels with blue labels). In each panel, the black, red, blue, green and cyan points are the results for the box, x-tube, y-tube, z-tube and irregular orbits, respectively. The pink line in each panel is the diagonal line. Only 1% randomly selected orbits are shown.
galaxies, most angular momentum is from the x-tube orbits. These results are consistent with those of Arnold et al. (1994) .
We follow Arnold et al. (1994) to define the internal misalignment angle Ψ as the angle between the total angular momentum L total and the z-axis by
• mean that the angular momentum is along the z-axis and x-axis, respectively. Figure 9 displays the depen- . Mass fractions of the box orbits (red line), x-tube orbits (blue lines) and the z-tube orbits (blue lines) as a function of axial ratio and radius for all galaxies in our sample. In each panel, the x-axis is the radius r/r h and y-axis is the mass fraction. The x-scale and y-scale run linearly from 0 to 1. Limited by the number of galaxies in our samples, some panels are missing. Galaxies in right panels are oblate galaxies, while those on the diagonal panels are prolate galaxies. and the z-tube orbits (blue lines) as a function of axial ratio and radius for all galaxies in our sample. The angular momentum fractions of the x-tube and z-tube orbits are defined as L 2 x−tube /L 2 total and L 2 z−tube /L 2 total , respectively. Here L x−tube and L z−tube are the angular momentums from the x-tube and z-tube orbits, respectively. L 2 total = L 2 x−tube + L 2 z−tube . In each panel, the x-axis is the radius r/r h and y-axis is the angular momentum fractions. The x-scale and y-scale run linearly from 0 to 1. dence of the misalignment angle Ψ on the axial ratio and the radius for all galaxies in our sample. For the oblate-triaxial systems, the misalignment is close to zero, which indicates the z-tube orbits dominate the angular momentum contributions, especially in the outer region of the galaxies. For the prolate-triaxial galaxies, the angular momentum is dominated by the x-tube orbits. All these results are consistent with those found by Arnold et al. (1994) . Figure 10 shows the correlation between the fraction of orbit families within the half stellar mass radius and the triaxiality of the stars (up) and the square of the axis ratio c 2 /a 2 (bottom) for the prolate-triaxial galaxies. It is seen that the fraction of box orbits decreases with the triaxiality of the stars, while the fraction of xtube orbits increases with the triaxiality of the stars if the axis ratio of the galaxy is fixed. The population of box orbits decreases with increasing c 2 /a 2 while the population of x-tube and z-tube orbits Figure 9 . Dependence of the misalignment angle Ψ on the axial ratio and radius for all galaxies in our sample. In each panel, the x-scale runs linearly for r/r h from 0 to 1 and y-scale is from 0 to 90 • . Figure 10 . Dependence of the orbit fraction within the half stellar mass radius on the triaxiality of the star (up) and the square of the axis ratio c 2 /a 2 (bottom) for the prolate-triaxial galaxies. The triaxiality is also calculated using the particles within the half stellar mass radius. The square, star, diamond, triangle and filled circle symbols represent the orbit fraction for the box, x-tube, y-tube, z-tube and irregular orbits, respectively.
increases with increasing c 2 /a 2 if c 2 /a 2 is smaller than 0.4. These results are consistent with those of Hunter & de Zeeuw (1992) .
We follow Zhu et al. (2018) and use the circularity λi to describe different orbit types. The circularity λi is defined as
where Lx = yvz − zvy, Ly = zvx − xvz, Lz = xvy − yvx, r = x 2 + y 2 + z 2 , and V c = |vx + vy + vz|. λi = 1 denotes a circular orbit, while λi = 0 indicates a box or a radial orbit. Figure 11 shows the average circularity distributions for 35 prolate-triaxial galaxies, 6 oblate-triaxial and 6 triaxial galaxies with the same weight for each galaxy. It is noted that there is a strong peak around λi = 0, which indicates that the box or radial orbits dominate in all galaxies. We also find that λx has a slightly broader distribution than λy and λz in the prolate-triaxial galaxies. For the prolate-triaxial galaxies, we find one peak in the circularity distribution. For the oblate-triaxial and triaxial galaxies, there are two peaks, one is at λi = 0, and the other is close to λi = 0. We have checked all galaxies and found only one peak in the λi distribution for any single galaxy studied here. The only difference Figure 11 . Distribution of the circularity λx (red), λy (blue), and λz (green) for the prolate-triaxial (upper), oblate-triaxial (middle) and triaxial galaxies (bottom), respectively. The cyan line in the upper panel represents the result of λz for 6 randomly selected prolate-triaxial galaxies.
is that the peak is at λi = 0 for some galaxies and the peak is close to λi = 0 for the remaining ones. If we randomly select 6 prolate-triaxial galaxies, then a peak at λi −0.07 also appears in distributions of λx, λy and λz. Moreover, it is noted that the fraction of the circular orbits is small in all galaxies.
We also checked the relation between the fraction of the x-, y-and z-tube orbits and the ratio of |Lx| /L, |Ly| /L and |Lz| /L of the dark matter halos within the half stellar mass radius, respectively. It is seen that there is no correlation between these two parameters. Figure 12 shows the relation between the baryon fraction f b and the orbit type fraction within the half stellar mass radius. We find a weak correlation between the box orbit faction and the baryon fraction. The fraction of box orbits increases with increasing baryon fraction, and the Pearson correlation coefficient is 0.65. There is also a weak anti-correlation between the fraction of x-tube orbits and the baryon fraction, which is also found for the z-tube orbits. The Pearson correlation coefficients for x-and z-tube orbits are -0.53 and -0.60, respectively. Figure 13 shows the relation between the spin parameter of the dark matter halo λ d and the orbit type fraction within the half stellar mass radius. We find that there is no significant correlation between the fraction of different orbit families and the spin parameter of the dark matter halo.
SUMMARY AND DISCUSSION
The orbit properties are important for understanding the intrinsic structure of prolate-triaxial galaxies. In this paper, we study the orbit properties of 35 prolate-triaxial galaxies first analysed by Li2018 and taken from the Illustris cosmological hydrodynamic simulation. In addition, we also selected six oblate-triaxial galaxies and six triaxial galaxies, which share the same mass and spin ranges as their prolate counterparts. The main results of this paper can be summarized as follows.
1. The spin parameters of the star and dark matter halo in all prolate galaxies are small. Circularities for most orbits in prolate galaxies are close to 0, which indicates box or radial orbits dominate the orbit structure of prolate systems. The spin parameters for stars in the oblate-triaxial galaxies are larger than those in the prolate and triaxial galaxies.
2. The z-tube orbits carry most angular momentum at large radius for the oblate-triaxial galaxies. For prolate galaxies, most angular momentum is from x-tube orbits.
3. Box orbits are found to dominate the orbital structure for most prolate-triaxial galaxies, especially in the central region. Both the x-and z-tubes are important in prolate-triaxial systems, which is different from previous studies that suggested that the z-tube orbits are less important in more prolate systems (e.g. Valluri et al. 2016) . The fraction of box orbits decreases with increasing galaxy radius, while the fraction of irregular orbits becomes larger with increasing galaxy radius for the prolate-triaxial galaxies. The fraction of xtube orbits in both oblate-triaxial and triaxial galaxies is smaller than that in the prolate-triaxial galaxies.
4. The fraction of box orbits for prolate-triaxial galaxies (0.7 < T < 1) decreases with the triaxiality, while the fraction of x-tube orbits increases for a given axis ratio c/a.
5. There is a weak correlation between the fraction of box orbits and the baryon fraction. The fraction of box orbits increases with increasing baryon fraction, while there is a weak anticorrelation between the fraction of x-tube (or z-tube) orbits and the baryon fraction.
6. There is no correlation between the fraction of different orbit families and the spin parameter of the dark matter halo.
7. For massive galaxies, prolate-triaxial, oblate-triaxial or triaxial galaxies, there is only one peak in the distribution of the circularity λi in a single galaxy. The position of the peak is at λi 0, which indicates that the box (or radial ) orbits dominate the orbit population in these massive galaxies.
It seems that it is impossible for fast rotators to be prolatetriaxial galaxies (also see the upper right panel of Figure 13 in Li2018), which is also supported by observations (Richstone & Potter 1982) . With the two-dimensional integral field unit spectroscopy of the stellar kinematics being carried out, many kinematical data can be used in the future as qualitative constraints in modeling prolate galaxies with the Schwarzschild or Made-to-measure methods. The large scatter between the triaxiality of stars and that of dark matter haloes increases the complexity in constructing dynamical models with observational data.
APPENDIX A: GALAXIES PROPERTIES AND THE RELATIVE ABUNDANCE OF THE ORBIT FAMILES
We present here the galaxy mass, the number of orbits, shapes for both stars and dark matter, and the relative abundance of the orbit families in each galaxy. The detailed information can be found in Table A1 .
APPENDIX B: ORBIT CLASSIFICATION BY USING THE ANGULAR MOMENTUM
The AM method is based on the values of the three angular momentum of orbits. We follow van den Bosch et al. (2008) and Wu et al. (2017) to classify the orbits by the sign of the maximum angular momentum max(Li) and the minimum angular momentum min(Li)(i = x, y, z) . The box orbits are defined as
The x-tube orbits are
The y-tube orbits are
The z-tube orbits are z-tube
The remainder orbits are classified as the irregular orbits. Table 1 . Spin parameters and the angle between the direction of the angular momentum of the dark matter and that of the stars for 35 prolate-triaxial galaxies, six oblate-triaxial galaxies and six triaxial galaxies (labelled in bold face). Column (1): The SUBFIND ID at the z = 0 snapshot. Column (2): Spin parameter for stars within the half stellar mass radius. Column (3): Spin parameters for dark matter within the half stellar mass radius. Column (4): Spin parameter for considering both the star and dark matter within the half stellar mass radius. Column (5): The angle between the direction of the angular momentum of the dark matter and that of the stars in degrees. Table A1 . Orbit families in 35 prolate-triaxial galaxies, six oblate-triaxial galaxies and six triaxial galaxies (labelled in bold face). Column (1): The SUBFIND ID at the final snapshot. Column (2): Number of orbits in each galaxy. Column (3): Axis ratios of the stars within the half stellar mass radius. Column (4): Axis ratios of the dark matter within the half stellar mass radius. Column (5): Axis ratios of the dark matter within the full galaxy. Columns (6)-(10) : The orbit fractions in the full galaxy (within the half stellar mass radius) for the box, x-tube, y-tube, z-tube and irregular orbits, respectively.
subhalo ID log M c200 orbit number axis ratio axis ratio axis ratio box x-tube y-tube z-tube irregular (M ) (star r < r h ) (dark r < r h ) (dark all) Table B1 . Orbit families in 35 prolate-triaxial galaxies, six oblate-triaxial galaxies and six triaxial galaxies (labelled in bold face). Column (1): The SUBFIND ID at the final snapshot. Column (2): Triaxiality of the stars within the half stellar mass radius. Column (3): Triaxiality of the dark matter within the half stellar mass radius. Column (4): Triaxiality of the dark matter within the full galaxy. Columns (5)-(9) : The orbit fractions in the full galaxy by using CA/AM method for the box, x-tube, y-tube, z-tube and irregular orbits, respectively. Column (10): Consistent fraction between CA and AM methods.
subhalo ID T T T box x-tube y-tube z-tube irregular consistent fraction (star r < r h ) (dark r < r h ) (dark all) % % % % % % (1) (2) (3) (4) (5) (6) (7) (8) 
